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Abstract
We present cylindrically symmetric solutions for a type of the Gauss-Bonnet gravity, in details.
We derive the full system of the field equations and show that there exist seven families of exact
solutions for three forms of viable models. By applying the method based on the effective fluid
energy momentum tensor components, we evaluate the mass per unit length for the solutions. From
dynamical point of the view, by evaluating the null energy condition for these configurations, we
show that in some cases the azimuthal pressure breaks the energy condition. This violation of the
null energy condition predicts the existence of a cylindrical wormhole.
Pacs numbers: 04.50.kd, 04.20.-q
1 Introduction
Gravity is the most popular fundamental force of the nature. We know many things about the
attractive gravitational interaction from 400 years ago. In the weak field, we can describe the long
distance interactions of the solar bodies by classical Newtonian mechanics. But if you want to explain
some non classical facts of gravity , we need a relativistic , general covariance formulation of gravity
in terms of the classical gauge fields [1]. According to the equivalence principle, based on the Mach’s
idea, the existence of any kind of the matter fields (classical or quantum form) needs a curved space to
ignoring the local effects of the gravity in any local Lorentz invariance frame of the coordinates. The
simplest one is based on the Ricci scalar R curvature , a second order derivatives of the metric of the
spacetime manifold, adopted by the uniqueness theorem. It works in the best conditions in solar system,
but it needs some necessary modifications beyond the galaxy and also inside the disk’s galaxy to explain
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the problems like dark matter or dark energy. A class of all such alternative gravitational models is
called modified gravity (see [2] for an excellent review). Different kinds of this modifications has been
proposed. The first extension which remains still now, as a remarkable one is obtained just by replacing
the curvature scalar R by an arbitrary function f(R) [3]. The simple case of R2 can be used in the
inflationary scenario [4], and also to explain the effects of the observational constraints on solar system .
Also, a wide class of the cosmological aspects have been investigated recently based on such modifications
[5]. But, the modifications of the Einstein gravity is not restricted to the curvature corrections. Gauss-
Bonnet topological invariant G gives us another possibility, which has a rich class of the cosmological
predictions [6]. Also, the black objects in a theory of gravity with both R,G in the form of f(R,G) have
been obtained in the literatures [7].
The cylindrical symmetry gives us another opportunity to obtain exact solutions. In Einstein gravity it
exists a wide class of exact solutions with cylindrical symmetry in vacuum and also with cosmological
constant and scalar fields [8]. In modified gravity different kinds of exact solutions with cylindrical
symmetry have been discussed in the literature, in f(R) [9], Horava-Lifshitz gravity [10], f(T) [11] and etc.
Recently [12] we start obtaining exact solutions in cylindrical symmetric spacetimes but in the context
of f(R,G) gravity . We derived the field equations for a general form of the modified f(G) models with
Lagrangian in the form of f(R,G) ≡ R + f(G). In [12], we proved that there exists a non vacuum
family of exact solutions with R = 0 but with G 6= 0, corresponding to a fluid with generic forms of
the energy density ρ and the pressure components pr, pϕ, pz. The solution resembles the case of the
vacuum Levi-Civita (LC) family [13] in the Einstein gravity as the exterior metric of a cosmic string
[14, 15, 16]. In that letter , we just expose a very specific solution which corresponds to the LC solution.
In this present paper we continue studying the exact solutions for f(R,G) ≡ R + f(G), finding more
solutions for some viable forms of f(G), by solving the differential equations of the motion analytically.
Moreover, we separately discussed the solutions for three viable forms of f(G). In any case, we discussed
the viability and all possible non trivial solutions of the system which is under review. Also, we examine
the solutions from the energy conditions using the modified (effective) gravitational field equations. As
a review, we point out here the definitions of the null energy condition (NEC), weak energy condition
(WEC), strong energy condition (SEC) and the dominant energy condition (DEC) as follows [17, 18]
NEC ⇐⇒ ρeff + peff ≥ 0. (1)
WEC ⇐⇒ ρeff ≥ 0 and ρeff + peff ≥ 0. (2)
SEC ⇐⇒ ρeff + 3peff ≥ 0 and ρeff + peff ≥ 0. (3)
DEC ⇐⇒ ρeff ≥ 0 and ρeff ± peff ≥ 0. (4)
By starting from any gravitational model and by rewriting it in the forms of a set of effective energy
momentum components, we will find that the essence of these energy conditions is independent from
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the form of the action [19]. It is easy to find that always, NEC implies WEC and WEC implies SEC
and DEC. In all the subsequent models we will assume that the regular matter satisfies all the energy
conditions separately i.e. ρ ≥ 0, ρ ± pi ≥ 0, ρ + 3pi ≥ 0. In literature, for example in f(R) gravity it
has been tested for validity of the energy conditions [20]. Also, in f(T ) we examined these conditions for
some viable models [21]. Thus, we must check the validity of these conditions for our cylindrical f(G)
solutions. For the importance of the NEC , we will check just this energy condition in any case. Further
we obtained the formula for mass per unit length by the method proposed by Israel [22]. The Israel’s
formula gives us the mass per length for any isolated cylindrically symmetric system filled by the energy
momentum of the matter as the following formula:
Mass per unit length ⇐⇒ m = 2pi
∫ √−gdr(ρ+Σpi). (5)
Recently this formula has been used to calculate the quasi-local mass per unit length for a class of the
conformally cylindrical metrics as the interior solutions to the Linet-Tian family [23]. Our plan in this
paper is the following: In section II, we present the model and we derive field equations and energy
conditions inequalities. In sections III, IV, V we will solve the system of equations for some particular
viable models of f(G). In section VI, we analysis the dynamics of the solutions using energy conditions.
We conclude and summarize in final section our results.
2 Formalism of f(G) gravity and equations of motion within
cylindrical metric
We introduce the action for a typical general R+ f(G) modification of gravity following [24]
S =
∫
d4x
√−g
[
R
2κ
+ f(G)
]
+ Sm , (6)
As usual in Einstein gravity, by working with the commutative connections in a Riemannian spacetime,
R represents the Ricci scalar, and the modification function f(G) corresponds to a generic globally
differentialable function of the Gauss-Bonnet topological invariant G. Also we add the matter action
Sm which induces the energy momentum tensor Tµν . For convention we take κ = 8piGN , where GN is
nothing just the usual classical Newtonian gravitational coupling. In metric formalism and by taking the
metric as the dynamical variable of the model, the equations of motion for the metric gµν from (6) read
Rµν − 1
2
Rgµν + 8
[
Rµρνσ +Rρνgσµ − Rρσgνµ −Rµνgσρ +Rµσgνρ
+
R
2
(gµνgσρ − gµσgνρ)
]
∇ρ∇σfG + (GfG − f) gµν = κTµν , (7)
We denote by fG =
df(G)
dG also the Gauss-Bonnet (GB) term is defined as G = R
2−RµνRµν+RµνλσRµνλσ,
Rµν and Rµνλσ play the roles of the Ricci tensor and Riemann tensors, respectively. WE adopted the
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signature of the Riemannian metric as (+ − −−) , and ∇µVν = ∂µVν − ΓλµνVλ and Rσµνρ = ∂νΓσµρ −
∂ρΓ
σ
µν +Γ
ω
µρΓ
σ
ων −ΓωµνΓσωρ for the covariant (curved)derivative and the Riemann tensor, respectively. We
have different possibilities for the form of a static cylindrically symmetric metric. The more common
and simplest on is the Weyl gauge in which it is easy to interpret the metric functions as the generalized
potential functions. This form of the coordinates, called Weyl coordinates (t, r, ϕ, z) is given by [25]
gµν = diag
{
e2u(r),−e2k(r)−2u(r),−w(r)2e−2u(r),−e2k(r)−2u(r)
}
. (8)
Here we must be very careful about any simple interpretation of the coordinates r, t as the usual radial
and time. The curvature scalar and the Gauss-Bonnet invariant term G read, respectively
R = 2
(
w′′
w
− u
′w′
w
− u′′ + u′2 + k′′
)
e2u−2k , (9)
G =
8e4(u−k)
w
[
k′u′w′′ − u′2w′′ − 2u′u′′w′ + k′u′′w′ − u′3w′ + 3k′u′2w′ + k′′u′w′ − 2k′2u′w′
+w
(
3u′2u′′ − 2k′u′u′′ + 2u′4 − 4k′u′3 − k′′u′2 + 2k′2u′2) ] (10)
So by applying the static cylindrical metric (8) the equation (7), we obtain the following system of coupled
four non linear differential equations
8e4(u−k)
w
{ [
u′w′ − k′w′ − w (u′2 − k′u′)] f ′′G + [u′w′′ − k′w′′ + u′′w′ − 2k′u′w′ − k′′w′
+2k′2w′ − w (2u′u′′ − k′u′′ + u′3 − 3k′u′2 − k′′u′ + 2k′2u′) ]f ′G − [u′2w′′ − k′u′w′′ + 2u′u′′w′
−k′u′′w′ + u′3w′ − 3k′u′2w′ − k′′u′w′ + 2k′2u′w′ − w
(
3u′2u′′ − 2k′u′u′′ + 2u′4 − 4k′u′3 − k′′u′2
+2k′2u′2
)]
fG
}
+
e2(u−k)
w
[
2u′w′ − w′′ + w (2u′′ − u′2 − k′′) ]− f = κρ , (11)
8e4(u−k)
w
{
3
[
u′2w′ + k′u′w′ + w
(
u′3 − k′u′2)] f ′G + [u′2w′′ − k′u′w′′ + 2u′u′′w′ − ku′′w′ + u′3w′
−3k′u′2w′ − k′′u′w′ + 2k′2u′w′ + w
(
2k′u′u′′ − 3u′2u′′ − 2u′4 + 4k′u′3 + k′′u′2 − k′2u′2
)]
fG
}
+
e2(u−k)
w
[
k′w′ − wu′2
]
+ f = κpr , (12)
8e4(u−k)
w
{
w
(
k′u′ − u′2) f ′′G + w[k′u′′ − 2u′u′′ − 3u′3 + 5k′u′2 + k′′u′ − 2k′2u′]f ′G
+
[
u′2w′′ − k′u′w′′ + 2u′u′′w′ − k′u′′w′ + u′3w′ − 3k′u′2w′ − k′′u′w′ + 2k′2u′w′ + w
(
2k′u′u′′
−3u′2u′′ − 2u′4 + 4k′u′3 + k′′u′2 − 2k′2u′2
)]
fG
}
+ e2(u−k)
(
u′2 + k′′
)
+ f = κpϕ , (13)
8e4(u−k)
w
{(
u′w′ − wu′2) f ′′G + [u′w′′ + u′′w′ + 2u′2w − 3k′u′w′ + w(3k′u′2 − 2u′u′′ − 3u′3)]f ′G
+
[
u′2w′′ − k′u′w′′ + 2u′u′′w′ − k′u′′w′ + u′3w′ − 3k′u′2w′ − k′′u′w′ + 2k′2u′w′ + w
(
2k′u′u′′
−3u′2u′′ − 2u′4 + 4k′u′3 + k′′u′2 − 2k′2u′2
)]
fG
}
+
e2(u−k)
w
(
w′′ − k′w′ + wu′2)+ f = κpz . (14)
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Using the Eqs.(11-14) we have the following expression for mass per unit length, through the (5),
m =
pi
2κ2
∫ r0
0
dre−2(k+3u)
(
4we4(k+u)(2f + w(f ′′Gu
′(k′ − u′) + f ′Gu′′(k′ − 2u′)) + u′(k′′ + 5k′u′ − 2k′2 − 3u′2))
)
− pi
2κ2
∫ r0
0
dr
(
32e8u(f ′′Gw
′(k′ − 2u′) + f ′G(w′′(k′ − 2u′) + w′(k′′ + 2k′u′ − 2k′2 − 2u′′ − 3u′2))
+
pi
2κ2
∫ r0
0
drw(f ′′Gu
′(2u′ − k′) + f ′G(u′(−(3k′ + 2)u′ + k′(2k′ − 1) + u′2)− u′′(k′ − 4u′))))
+
pi
2κ2
∫ r0
0
dre8k(32− fGGw2) + 8e2k+6u(wu′′ + u′w′)
)
(15)
Here r0 denotes the radius of a typical string. We can read this integral without the upper bound r0 as a
well defined expression for local mass (quasi local) concentrated in a shell with radius r of the axis. Also,
the singularity of the integral as an improper integral at r = 0 understood on the meaning of the thick
and thin strings. Also, we used the expressions of the energy-momentum tensor components effective in
the integral. This definition is conventional and it can be understood easily if we write the equations in
the weak field of a Newtonian distribution of the matter and usage of the classical Poisson’s equation
for a non localized distribution of the matter with Tµν in a finite (or compact, spatially) region Ω. So,
the integral must be evaluated as integral over spacelike hypersurface orthogonal sheet in Ω as
∫
Ω
dr
√
h
where h denotes the determinant of the positive definite space like slice of the metric manifold Σ4.
Also, the NEC for three different pressure components implies that we must check the following
inequalities:
NEC for radial pressure pr
fGG− 1
8
fGGwe
4(k−u) − e
2(u−k)
w
(wk′′ − k′w′ − 2wu′′ − 2u′w′ + 2wu′2 + w′′)−
8e4(u−k)
w
[
− wf ′′Gk′u′ + f ′′Gk′w′ − f ′′Gu′w′ + wf ′′Gu′2 + f ′Gk′′w′ − wf ′Gk′u′′ − f ′Gk′u′w′
+2wf ′Gk
′2u′ − wf ′Gk′u′ + f ′Gk′w′′ − 2f ′Gk′2w′ − f ′Gu′′w′ − f ′Gu′w′′ − 3f ′Gu′2w′
−2wf ′Gu′3 + 2wf ′Gu′u′′
]
≥ 0 (16)
NEC for azimuthal pressure pϕ
e−4(k+u)
8w
[
we4(k+u)(w(f ′′Gu
′(k′ − u′) + f ′Gu′′(k′ − 2u′))
+fGG+ u
′(k′′ + 5k′u′ − 2k′2 − 3u′2))
−64e8u(f ′′Gw′(k′ − u′) + f ′G(w′′(k′ − u′) + w′(k′′ + 2k′(u′ − k′)− u′′))
+w(f ′′Gu
′(u′ − k′) + f ′G(2k′2u′ − k′(u′′ + 3u′2 + u′) + u′3 + 2u′u′′)))
+e8k(64− fGGw2) + 8e2k+6u(2wu′′ + 2u′w′ − w′′)
]
≥ 0 (17)
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NEC for axial pressure pz
e−2(k−u)
w
(wk′′ + k′w′ − 2wu′′ − 2u′w′)− 8e
4(u−k)
w
[
− wf ′′Gk′u′ + f ′′Gk′w′
−2f ′′Gu′w′ + 2wf ′′Gu′2 + f ′Gk′′w′
−wf ′Gk′u′′ + 5f ′Gk′u′w′ − 6wf ′Gk′u′2 + 2wf ′Gk′2u′ − wf ′Gk′u′ + f ′Gk′w′′
−2f ′Gk′2w′ − 2f ′Gu′′w′ − 2f ′Gu′w′′ + 4wf ′Gu′3 − 2wf ′Gu′2 + 4wf ′Gu′u′′
]
≥ 0 (18)
We will check NEC through (16-18) for the exact solutions of the viable models.
3 Solutions for the model f(G) = αG2
This is a special case of the models which have been discussed before [26]. This model is interesting
because the Big-Rip singularity may not appear. Also, the cosmology of this model predicts the existence
of a transient phantom epoch, compatible with the observational data. Moreover, this viable model is
the dominant term of a more general case of f(G) = c1G
β1 + c2G
β2 , for β1 > β2 in the regime of the high
curvature and also in the primordial formation structure era. In this case the system of the equations of
motion (11-14) are integrable in five different classes as follows: Here we propose solutions to this model,
i.e, finding solutions to the line element and expressions to the energy density and the pressures. We
present the solutions to the line element as
• First case
u(r) = ln [w(r) + u1r] , k(r) = ln (w(r)) , w(r) = w0 + w1r , (19)
where u1, w0 and w1 are constants. Then, the Gauss-Bonnet invariant and the curvature scalar become
respectively
G(r) = − 1
(w0 + w1r)7
{
8u21w
2
0 (u1 + w1) [4w1(w0 + w1r) + u1(w0 + 4w1r)]
}
(20)
R(r) =
1
(w0 + w1r)4
{
2u1w0 [3w1(w0 + w1r) + u1(2w0 + 3w1r)]
}
(21)
By making use of the field equations (11)-(14), one gets the energy density and pressures as
ρ(r) = − u1w0
κ2(w0 + w1r)15
{
(w0 + w1r)
11
[4w1 (w0 + w1r) + u1 (3w0 + 4w1r)]
−64αu31w30 (u1 + w1)
[
544w31 (w0 + w1r)
3
+ 96u1w
2
1 (w0 + w1r)
2
(w0 + 17w1r)
+u31
(
w30 + 15w
2
0w1r + 96w0w
2
1r
2 + 544w31r
3
)
+ 3u21w1
(
5w30 + 69w
2
0w1r + 608w0w
2
1r
2 + 544w31r
3
) ]}
(22)
6
pr(r) =
u1w0
κ2 (w0 + w1r)
14
{
− (w0 + w1r)10 [2w1 (w0 + w1r) + u1 (w0 + 2w1r)]
+64αu1w0 (u1 + w1)
2
[
288w41 (w0 + w1r)
4
+ 36u1w
3
1 (w0 + w1r)
3
(9w0 + 32w1r)
+4u21w
2
1 (w0 + w1r)
2 (41w20 + 243w0w1r + 432w21r2)
+u41
(−w40 + 10w30w1r + 164w20w21r2 + 324w0w31r3 + 288w41r4)
2u21w1
(
5w40 + 169w
3
0w1r + 650w
2
0w
2
1r
2 + 1062w0w
3
1r
3 + 576w41r
4
) ]}
(23)
pϕ(r) = − u1w0
κ2 (w0 + w1r)
14
{
− (w0 + w1r)10 [2w1 (w0 + w1r) + u1 (w0 + 2w1r)]
−64αu21w20 (u1 + w1)2
[
432w31 (w0 + w1r)
3
+ 4u1w
2
1 (w0 + w1r)
2
(−13w0 + 324w1r)
−u31
(
w30 + 14w
2
0w1r + 52w0w
2
1r
2 − 432w31r3
)
+2u21w1
(−7w30 − 59w20w1r + 596w0w21r2 + 648w31r3) ]} (24)
pz(r) = − u1w0
κ2 (w0 + w1r)
14
{
− (w0 + w1r)10 [2w1 (w0 + w1r) + u1 (w0 + 2w1r)]
−64αu1w0 (u1 + w1)2
[
96w31 [w0 + (r − 1)w1] (w0 + w1r)4
+12u1w
2
1 (w0 + w1r)
3 [
9w30 + w0w1 (27 + 41r) + 32w
2
1r(r − 1)
]
+4u21w1 (w0 + w1r)
2 [3w30 + 4w20w1 (21r − 4) + 9w0w21r (27 + 25r) + 144w31r2(r − 1)]
+u41
[−w40 + 2w30w1r(6r − 7) + 8w20w21r2(15r − 8) + 12w0w31r3(27 + 17r) + 96w4r4(r − 1)]
2u31w1
(
(12r − 7)w40 + w30w1r(186r − 71) + 2w20w21r2(211 + 264r)
+42w0w
3
1r
3(7 + 13r) + 192w41r
4(r − 1)
)]}
(25)
Now the metric reads:
ds2 = [w(r) + u1r]
2 dt2 − w(r)
2
[w(r) + u1r]
2
(
dr2 + dz2 + dϕ2
)
(26)
This is a conform-stationary metric, non singular, so cannot describe a black string.
The mass expression in this case reads from (5), and by integration we obtain
m = − ∆
60w1(r0w1 + u1 + w0)5
− 48u1 log(r0w1 + u1 + w0)
w1
+ 8r0 −
w1
2(7u1
3 + 28u1
2w0 + 24u1w0
2 + 12w0
3)
12(u1 + w0)4
+
4u1
2(87u1
4 + 385u1
3w0 + 650u1
2w0
2 + 500u1w0
3 + 150w0
4)
5w1(u1 + w0)5
+
2u1w1
u1 + w0
+
48u1 log(u1 + w0)
w1
, (27)
∆ = −720u15(r0w1 + u1 + w0) + 2400u14(r0w1 + u1 + w0)2
+45u1
3w1
3(r0w1 + u1 + w0)− 4800u13(r0w1 + u1 + w0)3 − 80u12w13(r0w1 + u1 + w0)2
+7200u1
2(r0w1 + u1 + w0)
4 + 60u1w1
3(r0w1 + u1 + w0)
3 − 60w13(r0w1 + u1 + w0)4
+120u1w1
2(r0w1 + u1 + w0)
4 + 96u1
6 (28)
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Because the mass of the cosmic string is about m ∼ 10−7 we can constraint the parameters w1, u1, ... as
viable functions of the observational quantities.
• Second case
The line element in this case are presented as
w(r) = w0 , k(r) = ln [w(r)] , u(r) = ln
[
w(r) + u0r
2
]
, (29)
where u0 and w0 is a constant but may not be confused with that of the previous case. With these
solutions, the Gauss-Bonnet invariant reads
G(r) =
64u30r
2
(
3w0 + u0r
2
)
w40
(30)
and the energy density and pressures are the following expressions
ρ(r) = − 4u0
κ2w80
(
11264αu70r
8 + 32768αu60w0r
6 + 35840αu50w
2
0r
4 + 18432αu40w
3
0r
2 + 2u0w
6
0r
2 − w70
)
(31)
pr(r) =
4u20r
2
κ2w80
(
23552αu60r
6 + 55296αu50w0r
4 + 27648αu40w
2
0r
2 − w60
)
(32)
pϕ(r) = −4u
2
0r
2
w80κ
2
(
29696αu60r
6 + 86016αu50w0r
4 + 78848αu40w0r
2 + 18432αu30w
3
0 − w60
)
(33)
pz(r) =
4u20r
2
κ2w80
(
− 29696αu60r6 + 8192αu60r7 − 86016αu50w0r4 + 28672αu50w0r5 − 78848αu40w20r2
+32768αu40w
2
0r
3 − 18432αu30w30 + 12288αu30w30r + w60
)
(34)
Consequently, the metric reads:
ds2 =
[
w0 + u0r
2
]2
dt2 − w
2
0
[w0 + u0r2]
2
(
dr2 + dz2 + dϕ2
)
(35)
This again represents a conform-stationary metric, non singular, so it can not describe a black string.
Like the previous case, mass expression in this case reads from (5), and by integration we obtain
m =
4
w50
( r20u20w80
(r20u0 + w0)
4
+
r0w
6
0A1
640(r20u0 + w0)
5
+A2 + 256αr0u
4
0w
2
0A3
15
+A4
)
(36)
A1 = 315r80u40 + 1470r60u30w0 + 2688r40u20w20 + 2370r20u0w30 + 965w40, (37)
A2 = 1/4u0w50(−1 + w40/(r20u0 + w0)4 + (4r0w0)/(r20u0 + w0)) + 2048/15r50(−21 + 10r0)u60α
+1024/3r30(−16 + 9r0)u50w0α (38)
A3 = −720 + w0B
(r20u0 + w0)
5
(39)
A4 =
w0
5/2(63w0
3 − 32768αu04(w0 − 32)) tan−1( r0
√
u0√
w0
)
128
√
u0
(40)
B = −15r80u40(−16 + w0) + 10r60u30(96− 5w0)w0 + r40u20(1440− 37w0)w20
+15w40(16 + w0) + 5r
2
0u0w
3
0(192 + 5w0) (41)
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• Third case
The line element parameters w(r) and k(r) are fixed as
w(r) = w0 k(r) = ln [w(r)] . (42)
Therefore, the Gauss-Bonnet invariant and the curvature become
G(r) =
8u′2(r)
w40
[
2u′2(r) + u′′(r)
]
e4u(r), R =
2
w20
[
u′2(r) − u′′(r)] e2u(r) . (43)
In order write put down a suitable expression for the line element parameter u(r), we assume the following
relation between G(r) and R(r)
G(r) = e2u(u)u′2(r)R(r) . (44)
by solving this latter, one gets
u(r) = u0 +
12 + w20
w20 − 8
ln (r) , (45)
where u0 is an integration constant, leading to the final forms of G(r) and R(r) as
G(r) = −8(w
2
0 − 48)(w20 + 12)3e4u0r
80
w2
0
−8
w40(w
2
0 − 8)4
, (46)
and
R(r) =
4(w20 + 12)(w
2
0)e
2u0r
40
w2
0
−8
w20(w
2
0 − 8)2
. (47)
The energy density and pressures are get respectively as
ρ(r) =
(12 + w20)e
2u0r
40
w2
0
−8
κ2w80(w
2
0 − 8)8
{
− w60(w20 − 8)6(3w20 − 4)
+64αe6u0r
120
w2
0
−8 (w20 + 12)
4
(−863232+ 35072w20 − 404w40 + w60)} (48)
pr(r) =
(12 + w20)
2e2u0r
40
w2
0
−8
κ2w80(w
2
0 − 8)8
{
w60(w
2
0 − 8)6
+64αe6u0r
120
w2
0
−8 (w20 + 12)
4
(−20736 + 384w20 + w40)} (49)
pϕ(r) = − (12 + w
2
0)
2e2u0r
40
w2
0
−8
κ2w80(w
2
0 − 8)8
{
− w60(w20 − 8)6
+64αe6u0r
120
w2
0
−8 (w20 + 12)
3
(
1102848− 21248w20 − 84w40 + w60
)}
(50)
pz(r) = − (12 + w
2
0)
2e2u0r
40
w2
0
−8
κ2w80(w
2
0 − 8)8
{
− w60(w20 − 8)6 + 64αe6u0r
112
w2
0
−8 (w20 − 48)(w20 + 12)3
×
[
320(w20 − 8)r
w2
0
w2
0
−8 + (w40 − 36w20 − 22976)r
8
w2
0
−8
]}
(51)
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Consequently, the metric reads:
ds2 = r˜2βdτ2 − r˜−2βµ2
(
dr˜2 + dz˜2 + dϕ˜2
)
, (52)
β ≡ 12 + w
2
0
w20 − 8
, r˜ = µβ
−1
r, z˜ = µβ
−1
z, ϕ˜ = µβ
−1
ϕ.
Here µ = wβ0 e
−βu0 denotes the unique parameter of the solution and it may play the role of the conical
deflection parameter. This again represents a conform-stationary metric, non singular, so it can not
describe a black string. Like the previous case, mass expression in this case reads from (5), and by
integration we obtain
m =
1
6r7
(
− 192αβ
5(2β − 3)(5β(2β − 5) + 14)e2u0r2β
2β − 7 +
48e−6u0w06r8−6β
1− 6β
−256αβ
5(2β − 3)e6u0 (102β2 − 3β(8r + 89) + 28(r + 6)) r6β
(6β − 7)w05 +
9β3e−2u0w03r5−2β
β + 1
+ 12βr6w0
)
(53)
• Fourth case
In this case, we assume the parameters w(r) and k(r) of the line element as
w(r) =
√
2 , k(r) = ln [w(r)] . (54)
As we performed in the previous case, we need to find a suitable expression for the line element parameter
u(r). To do so, we assume the following relation between G(r) and R(r) as
G(r) = b1(r)R(r) + b2(r) , (55)
such that action algebraic function becomes
R+ f(G) = [1 + 2αb1b2]R+ α
(
b21R
2 + b22
)
. (56)
Now, by introducing an auxiliary function ψ to be identified to the radial coordinate r (ψ = r), one can
rewrite the action algebraic function as
R+ f(G) = B1(ψ)R +B2(ψ)R
2 + V (ψ) , (57)
such that G(r) and R(r) become
G(r) = 2e4u(r)u′2(r)
[
2u′2 + 3u′′(r)
]
, (58)
R(r) = e2u(r)
[
u′2(r) − u′′(r)] . (59)
Once again, relation is required between G and R in order to find a suitable expression for the line element
parameter u(r). To this end we assume the following relation
G(r) = 4e2u(r)u′2R(r) , (60)
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from which, using (58) and (59), one gets
u(r) =
1
2
ln
[
2
3
√
2
5
r3/2
]
(61)
By making use of these solutions, one gets the energy density and pressures as
ρ(r) =
549α− 220√10r3/2
1600κ2r2
pr(r) =
3
(
81α− 20√10r3/2)
1600κ2r2
pϕ(r) =
3
(
57α+ 20
√
10r3/2
)
1600κ2r2
pz(r) =
3
[
20
√
10r3/2 + α (57 + 96r)
]
1600κ2r2
(62)
Now the metric reads
ds2 = x3/2dη2 − x−3/2
(
dx2 + dξ2 + dψ2
)
, (63)
x =
√
3
√
5/2r, η = 4
11/4
√
1
3
√
2/5, ξ =
19/8
√
3
√
5/2z, ψ =
19/8
√
3
√
5/2.
This is a very important result and it shows a scale independent solution with hypers-calling parameter
α = 0. The observers in all points of this space time measures the physical lengths without any need to
including the redshift factors, because this solution is scale independent. For this case the mass reads
m =
27
√
5
(
9− 160√2w04
)
w0
2
448r7/2
+
3√
2r
. (64)
Here for r → 0, m→∞.
• The fifth case
In this case the parameters of the line element are
w(r) = w0 + w1r , k(r) = ln [w(r)] , u(r) = u0 ln [w(r)]. (65)
The Gauss-Bonnet invariant term and the curvature scalar read
G(r) = 16u0w
4
1 (u0 − 2) (u0 − 1)2 (w0 + w1r)4(u0−2) , (66)
R(r) = 2w21
(
u20 − 1
)
(w0 + w1r)
2(u0−2) . (67)
Therefore, the corresponding energy density and pressures read
ρ(r) = −w
2
1
κ2
(u0 − 1) (w0 + w1r)2(u0−8)
{
(u0 + 1)
(
w120 + 12w1w
11
0 r + 66w
2
1w
10
0 r
2 + 220w90w
3
1r
3
495w80w
4
1r
4 + 792w70w
5
1r
5 + 924w60w
6
1r
6 + 792w50w
7
1r
7 + 495w40w
8
1r
8 + 220w30w
9
1r
9
66w20w
10
1 r
10 + 12w0w
11
1 r
11
)
+ w61
[
w61(1 + u0)r
12
+256αu0(u0 − 2)2(u0 − 1)3(19u0 − 48)(w0 + w1r)6u0
]}
(68)
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pr(r) = −w
2
1
κ2
(u0 − 1) (w0 + w1r)2(u0−8)
{
(u0 + 1)
(
w120 + 12w1w
11
0 r + 66w
2
1w
10
0 r
2 + 220w90w
3
1r
3
495w80w
4
1r
4 + 792w70w
5
1r
5 + 924w60w
6
1r
6 + 792w50w
7
1r
7 + 495w40w
8
1r
8 + 220w30w
9
1r
9
66w20w
10
1 r
10 + 12w0w
11
1 r
11
)
+ w61
[
w61(1 + u0)r
12
−256αu20(u0 − 2)2(11u30 − 9u20 + 9u0 − 11)(w0 + w1r)6u0
]}
(69)
pϕ(r) = −w
2
1
κ2
(u0 − 1) (w0 + w1r)2(u0−8)
{
(u0 + 1)
(
w120 + 12w1w
11
0 r + 66w
2
1w
10
0 r
2 + 220w90w
3
1r
3
495w80w
4
1r
4 + 792w70w
5
1r
5 + 924w60w
6
1r
6 + 792w50w
7
1r
7 + 495w40w
8
1r
8 + 220w30w
9
1r
9
66w20w
10
1 r
10 + 12w0w
11
1 r
11
)
+ w61
[
w61(1 + u0)r
12
−256αu20(2− 3u0 + u20)2(29u0 − 53)(w0 + w1r)6u0
]}
(70)
pz(r) = −w
2
1
κ2
(u0 − 1) (w0 + w1r)2(u0−8)
{
(u0 + 1)
(
w120 + 12w1w
11
0 r + 66w
2
1w
10
0 r
2 + 220w90w
3
1r
3
495w80w
4
1r
4 + 792w70w
5
1r
5 + 924w60w
6
1r
6 + 792w50w
7
1r
7 + 495w40w
8
1r
8 + 220w30w
9
1r
9
66w20w
10
1 r
10 + 12w0w
11
1 r
11
)
+ 2048αw0w
5
1u
3
0(u0 − 1)(u0 − 1)(w0 + w1r)6u0
+w61
[
w61(1 + u0)r
12 + 2048αu30r(u0 − 1)(u0 − 2)2(w0 + w1r)6u0
−256αu20(u0 − 2)2(29u30 − 103u30 + 127u0 − 53)(w0 + w1r)6u0
]}
(71)
This case is analogue to the LC family in GB gravity, which has been discussed recently [12]. The mass
reads
m = −128α(u0 − 2)
2(u0 − 1)2u02(u0(5u0 − 17) + 11)w17(rw1 + w0)2u0−7
2u0 − 7
+
u0(u0(3u0 − 5) + 3)w12(rw1 + w0)1−2u0
2u0 − 1 +
8(rw1 + w0)
7−6u0
7w1 − 6u0w1 +
α∆2
3(−11 + 6u0) (72)
∆2 = 256(u0 − 2)(u0 − 1)2u0w16(rw1 + w0)6(u0−2)(w1(u0(12r((3− 2u0)u0 + 2)
+u0(u0(102u0 − 655) + 1308)− 969) + 264) + 12u0((3− 2u0)u0 + 2)w0). (73)
4 Solutions for the model f(G) = αG3
In this case, like the previous solutions, the model is viable. So as a particular solution for the model,
the expressions for the line element parameters are
w(r) = w0 , k(r) = ln (w(r)) , u(r) = ln
[
w(r) + u0r
2
]
. (74)
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Therefore, the Gauss-Bonnet invariant remains the same in (46). But the energy density and pressure
change and are written as
ρ(r) = − 4u0
κ2w120
{
5373952αu110 r
12 + 29097984αu100 w0r
10 + 56623104αu90w
2
0r
8
+49545216αu80w
3
0r
6 + 17694720αu70w
4
0r
4 + 2u0w
10
0 r
2 − w110
}
(75)
pr(r) =
4u20r
2
κ2w120
{
4587520αu100 r
10 + 24772608αu90w0
38928284αu80w
2
0r
6 + 17694720αu70w
3
0r
4 − w100
}
(76)
pϕ(r) = − 4u
2
0r
2
κ2w120
{
8781824αu100 r
10 + 48758784αu90w0r
8 + 92012544αu80w
2
0r
6
+70778880αu70w
3
0r
4 + 17694720αu60w
4
0r
2 − w100
}
(77)
pz(r) =
4u20r
2
κ2w120
{
− 8781824αu100 r10 + 1572864αu100 r11 − 48758784αu90w0r8
−48758784αu90w0r8 + 10223616αu90w0r9 − 92012544αu80w20r6
+22806528αu80w
2
0r
7 − 70778880αu70w30r4 + 21233664αu70w30r5
−17694720αu60w40 + 7077888αu60w40r3 + w100
}
(78)
So, the line element reads
ds2 = (1 + (
r
r0
))2dη2 − dr
2 + dz2 + dϕ2
(1 + ( rr0 ))
2
, r0 =
√
w0
u0
, η = w0t. (79)
This metric is conform-flat-stationary metric of one parameter family of the exact solutions. The mass
reads
m =
4C
w90
, (80)
where
C = 786432
5
αr10u0
10 − 9306112
9
αr9u0
10 + 884736αr8u0
9w0 − 4587520αr7u09w0 + 1179648αr6u08w02
−29097984
5
αr5u0
8w0
2 − 5242880
3
αr3u0
7w0
3 +
rw0
5(262144αu0
6(141w0 − 256) + (128u0 + 63)w05)
128(r2u0 + w0)
+
rw0
10(196608αu0
6 + w0
4)
5(r2u0 + w0)5
+
3w0
9(w0
4(3r − 10u0)− 1048576αru06)
40(r2u0 + w0)4
+
w0
8(w0
4(21r + 80u0)− 8650752αru06)
80(r2u0 + w0)3
+
3rw0
7(262144αu0
6 + 7w0
4)
64(r2u0 + w0)2
−16384αru06w04(33w0 − 256) +
7w0
9/2(262144αu0
6(27w0 − 256) + 9w05) tan−1( r
√
u0√
w0
)
128
√
u0
(81)
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5 Model f(G) = α3 exp (G)
This later case is analogue of the exponential f(R)-gravity model which reproduces the current epoch
of the accelerated expansion of the universe and also the de-Sitter final stage as well [27]. By replacing
the curvature role by G, it can be used as an alternative viable model with stable attractors in f(G)
gravity. So, we apply it to construct the exact solutions. For such more complicated model, we find
solution for the line element, i.e, obtaining the expressions of w(r), u(r) and k(r). For this we choose the
parameters as
u(r) = u0 ln (w(r)) , k(r) = k0 ln (w(r)) , w(r) = r . (82)
Therefore, the Gauss-Bonnet invariant and the curvature scalar read
G(r) = 16u0(u0 − 1)(k0 − u0)(k0 − u0 + 1)r4(u0−k0−1) , (83)
R(r) = 2(u20 − k0)r2(u0−k0−1) . (84)
Still making use of (82), one gets the energy density and pressures as
ρ(r) =
1
κ2
{
(k0 − u20)r2(5+5k0+u0) − α3u0(k0 − u0)(u0 − 1)(1 + k0 − u0) exp
(
16r4(u0−k0−1)
)
×[
r12(1+k0) − 16u0(u0 − 1)(k0 − u0)(1 + k0 − u0)r4(u0+2k0+2)
−512u0(u0 − 1)2(k0 − u0)2(1 + k0 − u0)2(6 + 6k0 − 5u0)r4(1+k0+2u0)
+32768u20(u0 − 1)3(u0 − k0)3(1 + k0 − u0)4r12u0
]}
r−12(1+k0) , (85)
pr(r) =
1
κ2
{
α3u0(u0 − 1)(k0 − u0)(1 + k0 − u0) exp
(
16r4(u0−k0−1)
)
+ (k0 − u20)r2(u0−k0−1)
−16α3u20(u0 − 1)2(k0 − u0)2(1 + k0 − u0)2 exp
(
16r4(u0−k0−1)
)
r4(u0−2k0−2)
[
r4(1+k0) − 96u0r4u0
(
k20(u0 − 1)
−k0(2u20 − u0 + 1) + u0(u20 − 1)
)]}
, (86)
pϕ(r) =
1
κ2
{
α3u0(u0 − 1)(k0 − u0)(1 + k0 − u0) exp
(
16r4(u0−k0−1)
)
+ (u20 − k0)r2(u0−k0−1)
− 16α3u20(u0 − 1)2(k0 − u0)2(1 + k0 − u0)2 exp
(
16r4(u0−k0−1)
)
r4(u0−3−3k0)
[
r8(1+k0)
+ 2048r8u0u20(k0 − u0)2(u0 − 1)(u0 − k0 − 1)3
+ 32r4(1+k0+u0)u0
(
− 6k30 + 7u0(u0 − 1)2 + k20(19u0 − 13)− k0(20u20 − 27u0 + 7)
)]}
, (87)
pz =
1
κ2
{
α3u0(u0 − 1)(k0 − u0)(1 + k0 − u0) exp
(
16r4(u0−k0−1)
)
+ (u20 − k0)r2(u0−k0−1)
− 16α3u20(u0 − 1)2(k0 − u0)2(1 + k0 − u0)2r4(u0−3k0−3) exp
(
16r4(u0−k0−1)
)[
r8(1+k0)
− 64u20(u0 − k0 − 1)r5+4(k0+u0) + 2048r8u0u20(u0 − k0)(u0 − 1)2(u0 − k0 − 1)3
+ 32r4(1+k0+u0)u0
(
− 6 + 17u0 − 18u20 + 7u30 + 7k20(u0 − 1)− k0(14u20 − 25u0 + 13)
)]}
. (88)
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On the other hand, by setting u0 =M and k0 =M
2, the parameters are written
k(r) =M2 ln (r) , u(r) =M ln (r) , w(r) = r , (89)
such that the curvature scalar vanishes. In this case, the Gauss-Bonnet invariant reads
G = 16M2(M2 − 1)(1−M +M2)r−4(M2−M+1) . (90)
Thereby, the energy density and pressures become
ρ(r) =
r−12(1+M
2)
κ2
{
32768M5(M − 1)6 [M(M − 1) + 1] r12M
+512M3(M − 1)4 [M(M − 1) + 1]2 [6 +M(6M − 5)] r4(1+M)2 − r12(1+M2)
−16M2(M − 1)2 [1 +M(M − 1)] r4(2M2+M+2)
}
f(G) (91)
pr(r) =
1
κ2
{
1− 16M2(M − 1)2 [M(M − 1) + 1]
[
− 96M2 [M(M − 2)− 1]×
[1 +M(M − 1)] r4M + r4(M2+1)
]
r−4(2M
2−M+2)
}
f(G) (92)
pϕ(r) =
1
κ2
{
1− 16M2(M − 1)2 [M(M − 1) + 1]×[
− 2048(M − 1)3M4 [M(M − 1) + 1]3 r8M − 32M2(M − 1) [M(M − 1) + 1]×
[M(6M − 7) + 7] [M(6M − 7) + 7] r4(1+M+M2) + r8(1+M2)
]
r−4(3M
2−M+3)
}
f(G) (93)
pz(r) =
1
κ2
{
1− 16M2(M − 1)2 [M(M − 1) + 1]×[
2048M3(M − 1)3 [M(M − 1) + 1]3 + r8+8M(M−1)
+32Mr4+4M(M−1) [M(M − 1) + 1]
(
− 6 +M [11 + 7M(M − 2) + 2r]
)]
r−12[1+M(M−1)]
}
f(G) (94)
This is exactly the LC family but with G 6= 0 in f(G) [12].
6 Analysis of the energy conditions
In this section we will do the full analysis on the NEC for all families of the solutions which have been
presented in the previous sections. We list the cases below:
6.1 Model f(G) = αG2
• First case
For the first NEC for radial pressure pr we will have
2u1w
2
1P
(w0 + rw1)15(u1 + w0 + rw1)4
≥ 0 (95)
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Where in it
P = 3(w0 + rw1)16 + 14784u110w61α+ 192u19w51(w0 + rw1)(7w0 + (580 + 7r)w1)α
+576u18w51(w0 + rw1)
2(19w0 + (642 + 19r)w1)α + 64u1
7w51(w0 + rw1)
3(609w0 + (11215 + 609r)w1)α
+64u16w51(w0 + rw1)
4(1239w0 + (14302 + 1239r)w1)α+ u1(w0 + rw1)
9(13(w0 + rw1)
6
+1536w51(w0 + (7 + r)w1)α) + 2u1
2(w0 + rw1)
8(11(w0 + rw1)
6 + 288w51(21w0 + (131 + 21r)w1)α)
+u15(w0 + rw1)
5((w0 + rw1)
6 − 24w51(3w0(−1400 + w1) + (−34192 + 3r(−1400 + w1))w1)α)
+u14(w0 + rw1)
6(7(w0 + rw1)
6 − 64w51(3w0(−427 + w1) + (−8374 + 3r(−427 + w1))w1)α)
+2u31(w0 + rw1)
7(9(w0 + rw1)
6 − 32w51(w0(−651 + 2w1) + w1(−3919− 651r + 2rw1))α) (96)
Further for the azimuthal pressure we have
Q
(w0 + rw1)15(u1 + w0 + rw1)4
≥ 0 . (97)
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Here
Q = −r16w119 + 8r18w118 + 2r16u1w118 − 2r15u1w118 − 16r15w0w118 + 8r15u12w117
−4r14u12w117 − 120r14w02w117 + 144r17w0w117 + 32r15u1w0w117 − 30r14u1w0w117 + 12r14u13w116
−3r13u13w116 − 560r13w03w116 + 1224r16w02w116 + 240r14u1w02w116
−210r13u1w02w116 + 120r14u12w0w116
−56r13u12w0w116 + 8r13u14w115 − 1820r12w04w115 + 6528r15w03w115 + 1120r13u1w03w115
−910r12u1w03w115 + 840r13u12w02w115
−364r12u12w02w115 + 168r13u13w0w115 − 39r12u13w0w115
+2r12u1
5w1
14 − 4368r11w05w114 + 24480r14w04w114 + 3640r12u1w04w114 − 2730r11u1w04w114
+3640r12u1
2w0
3w1
14 − 1456r11u12w03w114 + 1092r12u13w02w114
−234r11u13w02w114 + 104r12u14w0w114
−8008r10w06w113 + 68544r13w05w113 + 8736r11u1w05w113
−6006r10u1w05w113 + 10920r11u12w04w113
−4004r10u12w04w113 + 4368r11u13w03w113 − 858r10u13w03w113
+624r11u1
4w0
2w1
13 + 24r11u1
5w0w1
13
−11440r9w07w112 + 148512r12w06w112 + 16016r10u1w06w112 − 10010r9u1w06w112 + 24024r10u12w05w112
−8008r9u12w05w112 + 12012r10u13w04w112 − 2145r9u13w04w112 + 2288r10u14w03w112
+132r10u1
5w0
2w1
12 − 12870r8w08w111 + 254592r11w07w111 + 22880r9u1w07w111 − 12870r8u1w07w111
+40040r9u1
2w0
6w1
11
−12012r8u12w06w111 + 24024r9u13w05w111 − 3861r8u13w05w111
+5720r9u1
4w0
4w1
11 + 440r9u1
5w0
3w1
11 − 11440r7w09w110 + 350064r10w08w110
+25740r8u1w0
8w1
10 − 12870r7u1w08w110 + 51480r8u12w07w110
−13728r7u12w07w110 + 36036r8u13w06w110
−5148r7u13w06w110 + 10296r8u14w05w110 + 990r8u15w04w110
−8008r6w010w19 + 388960r9w09w19
+22880r7u1w0
9w1
9 − 10010r6u1w09w19 + 51480r7u12w08w19 − 12012r6u12w08w19
+41184r7u1
3w0
7w1
9 − 5148r6u13w07w19 + 13728r7u14w06w19 + 1584r7u15w05w19
−4368r5w011w18 + 350064r8w010w18
+16016r6u1w0
10w1
8 − 6006r5u1w010w18 + 40040r6u12w09w18 − 8008r5u12w09w18 + 36036r6u13w08w18
−3861r5u13w08w18 + 13728r6u14w07w18 + 1848r6u15w06w18 + X (98)
17
X = −1820r4w012w17 + 254592r7w011w17 + 8736r5u1w011w17 − 2730r4u1w011w17
+24024r5u1
2w0
10w1
7 − 4004r4u12w010w17 + 24024r5u13w09w17
−2145r4u13w09w17 + 10296r5u14w08w17 + 1584r5u15w07w17 + 16u12(1848w1u19
+24(w0 + rw1)(7w0 + (7r + 559)w1)u1
8 + 72(w0 + rw1)
2(19w0 + (19r + 585)w1)u1
7
+8(w0 + rw1)
3(609w0 + (609r + 9325)w1)u1
6
+8(w0 + rw1)
4(1239w0 + (1239r + 10198)w1)u1
5 − 3(w0 + rw1)5(w0(59w1 − 4200) + w1(59w1r
−4200r− 18952))u14 − (w0 + rw1)6(183w0(3w1 − 56) + w1(183r(3w1 − 56)− 25448))u13
−8(w0 + rw1)7(w0(68w1 − 651) + w1
(68w1r − 651r − 931))u12 − 21(w0 + rw1)8(w0(7w1 − 72) + w1(7rw1
−72(r + 1)))u1 + 24(w0 + rw1)9(w0(w1 + 8) + w1(r(w1 + 8) + 8)))αw17 − 560r3w013w16
+148512r6w0
12w1
6 + 3640r4u1w0
12w1
6910r3u1w0
12w1
6
+10920r4u1
2w0
11w1
6 − 1456r3u12w011w16 + 12012r4u13w010w16 − 858r3u13w010w16
+5720r4u1
4w0
9w1
6 + 990r4u1
5w0
8w1
6 − 120r2w014w15 + 68544r5w013w15
+1120r3u1w0
13w1
5 − 210r2u1w013w15
+3640r3u1
2w0
12w1
5 − 364r2u12w012w15 + 4368r3u13w011
w1
5 − 234r2u13w011w15 + 2288r3u14w010w15
+440r3u1
5w0
9w1
5
−16rw015w14 + 24480r4w014w14 + 240r2u1w014w14 − 30ru1w014w14 + 840r2u12w013w14
−56ru12w013w14 + 1092r2u13w012w14
−39ru13w012w14 + 624r2u14w011w14
+132r2u1
5w0
10w1
4 − w016w13 + 6528r3w015w13 + 32ru1w015w13
−2u1w015w13 + 120ru12w014w13 − 4u12w014w13 + 168ru13w013w13 − 3u13w013w13
+104ru1
4w0
12w1
3 + 24ru1
5w0
11w1
3
+1224r2w0
16w1
2 + 2u1w0
16w1
2 + 8u1
2w0
15w1
2 + 12u1
3w0
14w1
2
+8u1
4w0
13w1
2 + 2u1
5w0
12w1
2 + 144rw0
17w1 + 8w0
18 (99)
Finally for the axial pressure pz we have
2u1w1
2R
(w0 + rw1)15
≥ 0 (100)
R = 192αu1w15(rw1 + u1 + w0)2(u12(rw1 + w0)((7r + 17)w1 + 7w0)
+u1(rw1 + w0)
2((29r − 71)w1 + 29w0) + 8(rw1 + w0)3((3r − 1)w1 + 3w0)
+77u1
3w1) + (rw1 + w0)
12 (101)
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We plot these inequalities in the Figure 1 (Top-Left panel). As we observe here, the NEC is satisfied for
all three pressure components.
• Second case
For the second family for pr, pϕ, pz we will have respectively
P2
w80(r
2u0 + w0)4
≥ 0 (102)
P2 = 1024αr2u05(56r14u07 + 360r12u06w0 + 920r10u05w02
+1128r8u0
4w0
3 − r6u03(w0 − 552)w04 − 2r4u02w05(3w0 + 68)− r2u0w06(9w0 + 248)
−72w07)− 4u0w06(3r2u0 − w0)(r2u0 + w0)4 (103)
Q2
w80(r
2u0 + w0)4
≥ 0 (104)
Q2 = 4w60(−r10u60 − 3r8u50w0 − 2r5(3 + r)u40w20 +
2(−3 + r)r3u30w30 + 3r2u20w40 + (2 + u0)w50)− 1024r2u50(40r14u70 +
264r12u60w0 + 760r
10u50w
2
0 + 1272r
8u40w
3
0 + 9w
7
0(8 + w0) + 3r
6u30w
4
0(456 + w0)
+r4u20w
5
0(952 + 15w0) + r
2u0w
6
0(392 + 25w0))α (105)
4u0w
6
0(−r2u0 + w0) + 16384r2u50(r2u0 + w0)2(2(−5 + r)r2u0 + 3(−3 + r)w0)α
w80
≥ 0 (106)
As we observe from panel (Top-Right) the azimuthal pressure violates the NEC.
• Third case
For the third family we write
−2e
2u0(r−8+2β)βP3
w)8
≥ 0 (107)
P3 = 8e2u0r2βw50α(3 − 2β)2β5 + r6w60(1 + β) + 64e6u0)r(6β)αβ4(−3 + 2β)(28− 33β + 6β2)(108)
−128αβ
5(2β − 3)(3β − 4)(6β − 7)e8u0r8β−8
w08
− 16αβ
5(2β − 3)(β(18β − 47) + 28)e4u0r4β−8
w03
+8e−4u0w0
3r−4β − 2βe
2u0r2β−2
w02
− 3β
3
r3
≥ 0 (109)
1024α(β − 1)β5(2β − 3)e8u0r8β−8(−6β + r + 7)
w08
− 2βe
2u0r2β−2
w02
≥ 0 (110)
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Obviously all three satisfy the NEC, as we see in the (Middle-Left).
• Fourth case
For the fourth family we derive the following expressions
−1120
√
10r9/2w60 − 30528r3α+ 3645
√
2w40α
3200r5w80
≥ 0 (111)
−128√10r9/2w60 + 90r2w80(−9 + 160
√
2w40) + 4032r
3α+ 1863
√
2w40α
640r5w80
≥ 0 (112)
−5√10r3/2w60 + 180α+ 72rα
25r2w80
≥ 0 (113)
As we observe for r > 1, all the pressure components satisfy the NEC (Middle panel-Right). This special
case denotes the existence of a wormhole’s like singularity in the cylindrical configurations. The throat’s
radius is located in a point r∗ ∼ 1.
• Five case
For this case we also have:
(114)
−64α(u0 − 2)2(u0 − 1)4u02w18(rw1 + w0)4u0−11 − 2
(
u0
2 − 1)w12(rw1 + w0)2u0−4
−512α(u0 − 2)2(u0 − 1)2u0w17(w1(u0(−2r + 3(u0 − 14)u0 + 49)− 24)
−2u0w0)(rw1 + w0)8(u0−2) ≥ 0 (115)
−64α(u0 − 2)2(u0 − 1)2u02(u0(9u0 − 32) + 21)w18(rw1 + w0)4u0−11
−512α(u0 − 2)2(u0 − 1)2u0w17
(
w1
(
u0
(−2r + 9u02 − 42u0 + 55)− 24)− 2u0w0) (rw1 + w0)8(u0−2)
+8(rw1 + w0)
3−4u0 +
u0(−3 + (5− 3u0)u0)w31
(w0 + rw1)3
≥ 0 (116)
−1024u0(2− 3u0 + u20)2w71(w0 + rw1)(8(−2 + u0))(−12w1 + 12u30w1
−u0(w0 + (−41 + r)w1)− 2u20(w0 + (20 + r)w1))α ≥ 0 (117)
This case is very interesting. Because it describes a geometry very similar to the wormholes in which the
transverse wormhole is formed and the axial component violates the NEC (Bottom-Left).
For the model f(G) = αG3, we observe two forms which both satisfy the NEC as we observe (Bottom-
Right).
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Figure 1: (Top Left) NEC-for model G2-Case1 . (Top Right)NEC-for model G2-Case2 . (Middle
Left)NEC-for model G2-Case3 . (Middle Right)NEC-for model G2-Case4 . (Bottom Left)NEC-for model
G2-Case5 . (Bottom Right) NEC-for model G3. Here the parameters adjusted as β = 0.5, α = 1, u0 =
1.8, w0 = 0.7, w1 = 1.5, u1 = 1.22, k0 = 1.5. Blue for radial, red for azimuthal and green for axial.
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Figure 2: NEC for Exponential model; here the parameters adjusted as β = 0.5, α3 = 1, u0 = 1.8, w0 =
0.7, w1 = 1.5, u1 = 1.22, k0 = u
2
0. Blue for radial, red for azimuthal and green for axial.
6.2 Model f(G) = α3 exp (G)
The last case which is the metric of the exterior of a cosmic string is described by the following
expressions:
2r−12(1+k0)Π1 ≥ 0 (118)
Π1 = −256α3(u0 − 1)u0(k0 − u0)(k0 − u0 + 1)2(−6k02(u0 − 1) + k0(u0(r + 8u0 − 13) + 6)− 2u0((u0 − 7)u0 + 3)) r4k0+8u0+4
exp
(
16(u0 − 1)u0(k0 − u0)(k0 − u0 + 1)r−4k0+4u0−4
)
+16384α3(u0 − 1)3u02(k0 − u0)3(k0 − u0 + 1)4
r12u0 exp
(
16(u0 − 1)u0(k0 − u0)(k0 − u0 + 1)r−4k0+4u0−4
)
+ α3(u0 − 1)u0r12k0+9(k0 − u0)
(k0 − u0 + 1)
(− exp (16(u0 − 1)u0(k0 − u0)(k0 − u0 + 1)r−4k0+4u0−4))
+8α3(u0 − 1)u0(k0 − u0)(k0 − u0 + 1)r8k0+4u0+8 exp
(
16(u0 − 1)u0(k0 − u0)(k0 − u0 + 1)r−4k0+4u0−4
)
+(
k0 − u02
)
r2(5k0+u0+5) (119)
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r−4(3+3k0+u0)Π2 ≥ 0 (120)
Π2 = −u0r12k0+4u0+9(2α3(u0 − 1)(k0 − u0)(k0 − u0 + 1) exp(16(u0 − 1)u0(k0 − u0)(k0 − u0 + 1)r−4k0+4u0−4))
+(2k0
2 − 5k0u0 + k0 + 3u02)− 512α3(u0 − 1)u0(k0 − u0)
(k0 − u0 + 1)2((k0 + 1)u02(8k02(k0 + 1) + 11r3)− u03(8k0(k0 + 1)(k0(k0 + 5) + 2) + 5r3))
+(r3u0(k0(−6k0 + r − 16)− 6))
(+6k0(k0 + 1)r
3 + 8(4k0 + 3)u0
6 − 8(2k0(3k0 + 5) + 3)u05 + 8(4k0(k0 + 1)(k0 + 2) + 1)u04 − 8u07)
r4k0+12u0+1 exp(16(u0 − 1)u0(k0 − u0)(k0 − u0 + 1)r−4k0+4u0−4))
(+16α3(u0 − 1)u0(k0 − u0)(k0 − u0 + 1)(4u0(k0 − u0 + 1)(4k02 + k0(6 − 8u0) + u0(4u0 − 7)) + r3))
(r8k0+8u0+5 exp(16(u0 − 1)u0(k0 − u0)(k0 − u0 + 1)r−4k0+4u0−4) + 32768α3(u0 − 1)3u02)
((k0 − u0)3(k0 − u0 + 1)4r16u0 exp(16(u0 − 1)u0(k0 − u0)(k0 − u0 + 1)r−4k0+4u0−4) + 8r16k0+11 (121)
512α3(u0 − 1)u0(k0 − u0)(k0 − u0 + 1)2r8u0−12(k0+1)
(64(u0 − 1)2u0(k0 − 2u0)(k0 − u0)(k0 − u0 + 1)2r4u0 )
−(r4k0+4(−6k02(u0 − 1) + k0(u0(r + 18u0 − 23) + 6) + 2u0(u0(r − 6u0 + 11)− 6)))
exp(16(u0 − 1)u0(k0 − u0)(k0 − u0 + 1)r−4k0+4u0−4) ≥ 0 (122)
From Figure.2, we observe that for r > 2, the energy conditions of type NEC is satisfied. This analysis
completed the dynamical features of the solutions.
7 Conclusion
Cylindrical solutions have a key role in the string theory in relation to the spontaneously symmetry
breaking of the abelian gauge fields and also as the most fundamental objects which had been produced
in the very early universe with a very small mass order. Different kinds of the cosmic strings have been
obtained before in Einstein gravity, extended modified gravities both in the classical and also in quantum
levels. In this paper we investigated cylindrically symmetric solutions of a type of modified Gauss-Bonnet
gravity. By the choice of some viable forms of the Gauss-Bonnet term, we solved the equations and found
seven classes of solutions, including the metric of the exterior of a cosmic string. Further, for checking the
dynamical behaviours of the system, we checked the null energy conditions which implies another types of
the energy conditions. In some models, the azimuthal pressure violated the energy condition for a distinct
radius scale. We interpreted this radius as a candidate for the existence of the cylindrical wormholes in
23
Einstein-Gauss-Bonnet gravity. We mention that in this paper just some particular solutions have been
found and the full description of the system, under perturbations, attractors and etc needs more future
works.
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